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Abstract 

Let X be a real Levy process and let be the process conditioned to stay positive. 
We assume that is regular for (—00, 0) and (0, +00) with respect to X. Using elementary 
excursion theory arguments, we provide a simple probabilistic description of the reversed 
paths of X and X^ at their first hitting time of (x, +00) and last passage time of (— 00, x] , 
on a fixed time interval [0,t], for a positive level x. From these reversion formulas, 
we derive an extension to general Levy processes of Williams' decomposition theorems, 
Bismut's decomposition of the excursion above the infimum and also several relations 
involving the reversed excursion under the maximum. 

Resume 

Soit X un processus de Levy et X^ le meme processus conditionne a rester positif. On 
suppose que est regulier pour (— 00, 0) et (0, +00) par rapport a X. Par des arguments 
simples de theorie des excursions, nous decomposons la loi des trajectoires de X et X^ 
retournees aux temps d'entree de (x, +00) et de sortie de (— 00, x}. De ces formules de 
reversion, on deduit une extension au cas des processus de Levy generaux, des theoremes 
de decomposition de Williams, du theoreme de decomposition de Bismut de l'excursion 
au dessus du minimum, ainsi que plusieurs relations faisant intervenir l'excursion sous le 
maximum retournee. 



1 Introduction 

Let (Xt)t>o be a real Levy process, that is a real valued process with homogeneous and 
independent increments. The supremum (resp. infimum) of X on the time interval [0,t] is 
denoted by St (resp. It). We assume that is regular for (0, +00) and (— 00, 0) with respect 
to X. A classical result says that X — I (resp. X — S) is a strong Markov process for which 
is regular (see Bingham or Bertoin @] chapter 6 for a proof). Let us denote by L (resp. L*) 
the local time at of X — I (resp. X — S): they are uniquely defined up to a multiplicative 
constant and their normalization is specified in Proposition 12.31 

As Rogers noticed in [17J . as soon as the Levy measure charges the positive numbers, 
X — S may hit zero by X jumping across the level of its previous maximum. The classical 
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It6 excursion measure of S — X loses the information about this jump. Let us introduce the 
relevant definition of the excursion measure under the maximum (resp. above the infimum) 
denoted by N* (resp. N). It has the property to record the final jump of the excursion, 
which represents the amount the excursion overshoots when X attains a new maximum (resp. 
infimum). Let (gi,di), i€lS (resp. (gj,dj), j € 6*) the excursion intervals of X — I (resp. 
S — X) above 0. We define the excursions above the infimum and under the supremum by 



Then, the point measures 



*( s ) = X ( 9i +s)Ad i -Xgv 
j(s)=X {g . +s)Ad .-X g ., ./•: ir 

52 6 M and 52 S (L*.,J) 



are distributed respectively as l{i <n }N(dld) and l{i <v *}Af*(dld), where ftf and N* are Poisson 
measures with respective intensities dlN(d) and dlN*(d), and where 

rj = inf {t > : M{[0,t] x {£() = oo}) > 1} 
77* = inf {t > : Af*([0,t] x {CO = 00}) > 1} ' 

(C(uj) being the lifetime of the path u). The random variables r\ and 77* have the same law as 
resp. Lqo and L* 00) that are exponentially distributed or infinite a.s. . 

In Section 3, Theorem 13.31 provides a decomposition of the law of the excursion under 
the supremum reversed at its final jump: More precisely, we decompose the law of (^a — 
(C()-*)-i — s — CO) under N*(- n > 0}), in terms of the law of X and its Levy 
measure. Theorems 13.21 and 13.11 give similar results for (X Tx — X( Tx _ s \_; < s < t x ) under 
P( • \X Tx > x) and (X ax ^ - X( CTa; ( t )_ s )_; < s < a x (t)) under P( • \X ax (t) > x), where we 
have set for any x, t > : 

t x = inf{s > : X s > x} and cr x (t) = sup{s 6 [0, t] : X s < x} . 

Williams in [19J, and many authors after him, explored the connections between the Brow- 
nian motion, the three-dimensional Bessel process and the Brownian excursion (see for in- 
stance Pitman ^S] and Bismut Many of these identities in the Brownian case hold in 
a more general setting for totally asymetric Levy processes: see Bertoin for a general- 
ized Pitman theorem for spectrally negatives Levy processes and Chaumont [Zj, [E] and jH] 
for Williams' theorems and Bismut's decomposition in the spectrally positive case. Let us 
mention that Chaumont has also explored the stable case in detail in [lQj and 0, providing 
several path-constructions and identities concerning the stable meander, the normalised ex- 
cursion and the stable bridge. In these results the role of the three-dimensional Bessel process 
is played by the Levy process conditioned to stay positive. This process, denoted by X\ 
has been introduced by Bertoin in a general setting (see (Hj). Bertoin's construction of X 1 * is 
recalled in Section 2.2. We use it in combination with Theorem I3.2I and I3. II to get in Section 
4.1 the generalized first Williams' decomposition theorem, then Bismut's decomposition of the 
excursion above the infimum in Section 4.2 and the second Williams' decomposition theorem 
in Section 4.3. 

Let us explain more precisely these results: For any t > 0, we define = X L *-i if > t 
and U£ = +00 if not. The process (?7 t *; t > 0) is a subordinator (see Bertoin [I], chapter 6) 
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and its drift coefficient is denoted by d*. A classical result due to Kesten (see ensures 
that ~P(X Tx = x) > iff d* > 0. We assume that d* > and that X does not drift to -oo. 
Then, we can show that a\ = sup{s > : Xj < x} is finite a.s.. Theorem 14.21 show that 



P(X T T =x) = P(X 



Tx ~ ^ I 

T. 



and that (x — X( Tx _ s - ) _; < s < t x ) under P( • | X Tx = x) has the same law as (Xj ; < 



s < o x ) under P( • | x\ = x). 

We also prove in Theorem 14.51 a path decomposition of the excursion above the infimum 
similar to Bismut's decomposition of the Brownian excursion: we show that for any nonneg- 
ative measurable functionals G and D on the space of cadlag paths with a finite lifetime and 
for any nonnegative measurable function /, 

/ KH \ 
N [j Q dtG( s ; 0<s<t) f( t )D ( t+s ; < s < C(w) - t) J = 

/ dxf(x)u*(x)E G(X]\ 0<s<al) \X\ =x E [D (X s ; < s < t- x )] , 
Jo L V / °x J 

where r_ x = inf{s > : X s < —x} and where u* is the co-excessive version of the density of 
the potential measure associated with the subordinator U*. 

Section 4.3 is devoted to the proof of Theorem 14.101 that can be seen as an analogue for 
general Levy processes of the second Williams' decomposition theorem that originally concerns 
the Brownian excursion split at its maximum. Let us describe our result: For any x > 0, we 
set rl = inf{s > : X s > x}. Proposition 14.71 shows that 

P(X T T = x) > iff d* > . 

Let us denote by X+ the process X conditioned to stay negative (that is defined in Section 
2.2); we write ~g() the instant when the excursion attains its maximum. Theorem 14 . 1 01 shows 
the law of g/\ under N admits a density with respect to Lebesgue measure that we specify. 
Under N{- \ = x), the processes ( s ; < s < gQ) and (s+^q; < s < £() — gQ) are 
mutually independent. Furthermore, 



the process ( s ; < s < gQ) is distributed as (Xj ; < s < t x ) under P( • | X 



- the law of ( s +g()', < s < (() — g~()) is absolutely continuous with respect to the law of 
(Xs, < s < t_ x ) (with an evident notation for T_ x ) and the corresponding density has the 
form cp(X | ), where the function ip is specified. 

T — X 

Let us mention that we provide two other path decompositions that concern the excursion 
above the infimum ( Theorem 14. 6|) and the process (Xj; < s < al) when x\ > x (Theorem 

l4~TTi . 



2 Preliminary results. 

2.1 Notation and basic assumptions. 

In this section we state our notation and the assumptions made at different stages of the 
paper. We also recall fondamental results of fluctuation theory that are our starting-point 
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and we give some simple facts concerning excursion theory applied to Levy processes, that is 
the main tool we use. 

We begin with some notations concerning the canonical space. Let fi be the space of 
right-continuous functions with left limits from (0, +00) to R (the so-called cadlag functions 
space) endowed with the Skorokhod's topology. Let T stand for its Borel c-algebra. For any 
path in f2 we define its lifetime (() by inf{t > : (a) = (t) , Vs > t}, with the usual 
convention inf = 00. For any time t > 0, we denote the jump of at t by A(t) = (t) — (i— ); 
we also define the path respectively stopped at t, stopped just before t, reversed at t and 
reversed just before t, by 

(• A t) = ((a A t); a > 0) , (■ A t-) = ((s At)- A(t)l [t>+oo) (s) ; a > 0), 

Ujt = ((t) - ((t - S )_); s > 0) , = tD* - A(t), 

with the convention (s— ) = (0) for any non-positive real number s. When £() is finite, Q^' 
is well defined and simply denoted by u). We use a non-standard notation for the shifted 
path at time t defined by 

o9 t = ((a + *) - (t) ; a > 0) . 

For any x > 0, we denote by t x Q and T- x () the first hitting time of respectively (x, +00) 
and (—00, —x): 

t x Q = inf{s > : (s) > x}, t- x Q = inf{s > : (s) < -x} , 

(with the usual convention inf0 = +00). For any time t > 0, we also denote by cr x (t, ) and 
(J- X (t, ) the last passage time in respectively (—00, x] and [— x, +00) on the time interval [0, t] 

&x(t, ) = sup{0 < s < t : (a) < x}, &- x (t, ) = sup{0 < s < t : (a) > — x} , 

(with the convention sup0 = +00). We write c^Q = lim t ^ +00 cr x (t, ), the limit being taken 
in [0, +00]. Next, we denote respectively by g t Q and ~g t Q, the last infimum time and the last 
supremum time of before t: 

g Q = sup{se[0,t) : inf = (a-) A (a)} 

[o,t] 

and 

9t0 = su P{ fi 6 I '*) : SU P = ( s ~) v ( s )l- 

[o,t] 

We also write #() = lim^ +00 ^ ( () and g~() = lim t -> +00 g t () (note that these quantities may be 
infinite). 

We denote by X the canonical process on O: X t () = (t) and we consider the probability 
measure P on J 7 ) under which X is a Levy process started at 0, with characteristic 
exponent ip: 



E 



e i\x t 



e -^(A) j t > , A G 



By the Levy-Khintchine theorem, ^ has the form 

^() = ia + b 2 + j ir(dr) (l - e ir + irl {M<1} ) , 
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where o is a real number, b is non-negative and the Levy measure 7r is a Radon measure on 
M not charging 0, which satisfies 



J ir(dr) (1 A |r| 2 ) < +00. 



If J = {s > : AX S 7^ 0}, then the point measure M(dsdr) = YlseJ ^(s,AX s ) i s a Poisson 
measure with intensity dsir(dr). 

Let us recall some path-properties of Levy processes. For any t > 0, we have 

(law) , . 

A* = (A s ; < s < t) . 

(see Bertoin |3j). This identity is refered as the "duality property". 

In the whole paper (Section 3 excepted), we make the following assumption: 

Assumption (A) : the point is regular for (0, +00) and for (— 00, 0) with respect to X. 



(In particular X cannot be a subordinator or a compound Poisson process.) As a consequence 
of (A), we recall the following result (see Millar jT^]): F° r an Y t > 0, the Levy process X 
reaches its infimum (resp. supremum) on [0, t] at a unique instant that must be 9 t (X) (resp. 
9t(X)). 

For every t > 0, we write 



S t = sup X s , 
se[o,t] 



It = inf X s . 

se[o,t] 



It is well-known that X — S and X — I are strong Markov processes (see Bertoin 0], chapter 
6). Assumption (A) implies that is regular for itself with respect to both these processes. 
Rogers has shown in [F[| that this implies 



P (3t <E (0, +00) : X t 



It- < x t 







and 



P (3t G (0, +00) : X t - = S t - <S t )=0 
Let us recall briefly the proof: we only need to show for any e > 



(2) 



E 



{X s _=7 s _}- l (e,+oo 



)(AX S ) 



. 



Apply the compensation formula (see Bertoin |4] p. 7) to get 



E 



^2 1 {X 3 _=7- 3 _} 1 ( e ,+oo)( A ^ 



vr((e,+oo)) 



r+co 

/ ds P{X S = I s ) . 
Jo 



But the duality property implies for any s > 0, P(X S = I s ) = P(S S = 0) = 0, because is 
regular for (0,+oo). A similar argument proves (JSJ. ■ 



We denote the local times of X — I and X — S at the level by (L t )t>o and (L^) t >o. They 
are uniquely determined up to a multiplicative constant specified in a forthcoming lemma. 
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The limit in [0, +00] of L t (resp. L*) when t goes to infinity is denoted by (resp. L*^). 
The quantity (resp. L*^) is a.s. finite or a.s. infinite according as X drifts or not to 
+00 (resp. —00). If Lqo (resp. L*^) is finite a.s., then it is exponentially distributed with 
parameter denoted by p (resp. p*). 

Equation JTJ and the dual result P(3i G (0, +00) : X t - = S t ~ > X t ) = imply that 
P-a.s. the sets {s > : X s > I s } and {s > : X s < S s } are open sets (we have 
denoted (gi,di) , i € fi and (gj,dj) , j G fi* their respective connected components). Let m 
denote the Lebesgue measure on R. The duality property and assumption (A) imply that 
m(s > : Jf s = 5 S ) = m(s > : X s = I s ) = 0. Thus, 

P-a.s. m(R\|J( ffi ,di)) = m I R\ (J ( gj ,dj) I =0. (3) 
\ iee / \ jefi* / 

Let and N* be the excursion measures of X above its infimum and under its supremum 
as defined in the first section. Observe that as soon as the Levy measure ir charges (— 00, 0) 
(resp. (0, +00)), the set of excursions ending with a negative jump (resp. positive jump) has 
a positive iV-measure (resp. iV*-measure). But thanks to Q and the dual result, we see that 
excursions above the infimum and under the supremum leave continuously. 



Let (L t 1 )t>o and (L* t 1 )t>o be the right-continuous inverses of L and L*: 



L~ l = inf{s > : L s > t}, L* t ~ = inf{s > : L* > t} , 
(with the convention inf = 00). Recall that P-a.s. 

UiL^Lj 1 ) = UGfc,*) and \J (L*' 1 , L*~ l ) = [J (g^dj) . (4) 
s>o iefi s>o jefi* 

For any t > we define Ut = —X L -\ if L ro > t and Ut = +00 if not. In a similar way, we 
define U? = X L .-i if > t and U£ = +00 if not. The processes (L~ l , U) and (L*- 1 , U*) 
are called the ladder processes. They are two-dimensional subordinators killed at respective 
rates p and p*; their bivariate Laplace exponents are denoted by 

K {a,0) = -logE [exp(-aL^ - /3Ui)] and K*(a,/3) = — log E [exp(— — (3U*)] 

(see Bertoin pQ, chapter 6 for a detailed account). Next, we define the two potential measures 
U and U* associated with U and U*\ 



J R U(dx)f(x) 
f R U*(dx)f(x) 



E 

= E 



/ L 00 dv f(U v ) 



f Q L - duf(U*) 



Let d* be the drift coefficient of the subordinator U* : d* = lim^_+ +00 k*(0, (3)//3. We recall 
the following result, due to Kesten ^Tj (see also Bertoin 0, chapter 3, Theorem 5): assume 
that d* is positive, and let u* : (— 00, +00) — > [0, +00) be the co-excessive version of the 
density oiU*. Then u* is continuous and positive on (0, +00) , u*(0 + ) = 1/cT, and 

P(X Tx = x) = d*u*{x) , x>0, 

where for convenience we write t x instead of t x (X). We prove the following simple lemma 
that will be used in Section 4. 
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Lemma 2.1 Assume (A) and suppose that d* is positive. Then for any nonnegative measur- 
able functional F on 



E 



duF(X, 



AL* 



dx u*(x)E[F(X Ar J | X Tx = x 



Proof. Set A = f 00 dx E[F (X. ATx ) ; X Tx = x] and for any positive number x define 
H x = L* x ■ Thanks to (A), we check path by path that 



P — a.s. on {t x < 00} 



T*' 1 — T 



Thus 



A 



dx E 



Denote by C the random set {x > : X Tx = x } and define the measures \x and v by 

fi(dx) = lc(x) m(dx) , 
fu(du)f(u)=Jn(dx)f(H x ) . 



Then, 



E 



'[O.Soo) 

For any positive number a, 



f fi(dx)F (X.^) = E f u{du)F U AL ^ 



(5) 



f([0,a]) = m({x > : X Tx =x ; H x < a }) 

= m({x>0 : X Tx = x ; r x < LI' 1 }) = m(C n[0,U* a }) . 

Let us first consider the case U* < 00: If there exists some s in [0, a] such that x £ {U*_, U* 
then, t x = L*~ x and U* = X Tx > x. Thus, 



U (u:_,u:)cc c n[o,u* a 



0<s<a 



Let x be in C c n [0,17*]. Then, X r:E > x. By 0, it follows that t x must be the end-point 
of some excursion interval of S — X above that is included in [0, i* -1 ]. Then, by (@J) there 
exists some s in [0, a] such that 



L*- 1 < L*- 1 = r x and 5 Te _ = U* s _ < x < U* s = X Tx . 



Hence, 



c c n[o,t/;]c |J p;_,u;). 

0<s<a 



By combining this with the previous inclusion we get m(C c fl [0, U*]) = ^ 0<s<a A[/*. But 
the Levy-Ito representation of U* guarantees that P-a.s. 



U* = d*a+ AU s , < a < L* 



0<s<a 
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Then, P-a.s. for every a in [0, L*^) , i/([0,o]) = d*a . Next, observe that for any a > , 
u([0,a\) = m(C) = (TL*^. Thus, P-a.s. 

v(dx) = d*l{Q >Llo) (x)m{dx) 

The desired result follows from © and the identity P(X Tx = x) = d*u*(x). ■ 

Let us introduce some notations: for any positive time t and any path , we denote the 
pre-infimum and the post-infimum path on the interval [0, t] by: 

/ <i = (-A^o), 

We also denote the pre-supremum and post-supremum processes on [0, t] by <— * and — >': 

-' = (^0), 
^ = (o9 M) )(.A(t-g t ())). 

We often use the following lemma in Section 4: 

Lemma 2.2 Assume (A). Lei T 6e independent of X and exponentially distributed with 
parameter a > 0. T/ten, X T and X T are mutually independent and the following identities 
hold for any nonnegative measurable functional F on O: 

(i) E = n(a, 0)E [/ Lo ° ^e-^V^. AL -!; 

(ii) E = ^yiV (j< d»ae- M F(. AS )) . 
Proof. Let G be any nonnegative measurable functional on Q. We have 



E 



F{X T )G{X' J 



dtae~ at B 



F(X*)G(X*) 



By @ and by the definition of the excursions above the infimum, we have P-a.s. 



o 



dtae-^FiX^GiX 1 ) = V F{X. hg .) / dsae- as G( l (- A s)) 

is J " 



Apply the compensation formula to get 

"Loo 



E 



F(X T )G(X rj 



= E 


IL 







dve- aL ^F{X. hL -,] 



N 



dsae- as GU s ] 



and the following identities yield (i) and (ii): 



A [ J dsae~ as 



N 1 - e 



Ac(a, 0) 



8 



and 



r rL 



E 



L 



dve 



-aL„ 



K,(a, 0) 



We now specify the normalization of L and L* thanks to the following proposition. 



Proposition 2.3 Assume (A). Fix the normalization of L. Then, the normalization of L* 
can be chosen in order to have for any nonnegative measurable functional F on O 



N 



dsF^)) = E 



and the dual identity 



N* 



ds F?) 



E 



dv F(X 



AL V 1 - 



Proof. We denote by XJ the path X_ T reversed at its lifetime g T . Observe that 



X T = X 1 o, 



9t{X T ) 



(we use the fact that the minimum of X over [0, T] is attained P-a.s. at a unique time). We 
also denote by X^ the path X T reversed at its lifetime T — g Similarly, we see that 



X T = X 



Ag T {XT) ■ 



The duality property implies that 

'~X* , X~r 



{law) fj* T ^ T 



Let G be any nonnegative measurable functional on Q. Use Lemma 1231 to get: 



E 



F(X T )G(X T ) 



= E 


[I 







dve~ aLv ' F(X L - 



N 



c 



dsae- QS G(Q s 



On the other hand, by replacing X with —X, we see that Lemma l2~2l also implies 



E 


F(X T )G(X T ) 


= E 


[I 











due~ aL - -G(X. AL * rl 



N* 



C 



dsae- as F{. 



As. 



Thus, for any a > 



E 



due- 1 * ~ G(X.j*-i) 



N* 



E 



dse- as F{. hs ) 



dve 



-aL v 1 p(^X L v 1 



N 



dse- as G(Q s 



(6) 
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By letting a go to 0, we see that the ratio 



2V S 



As, 



E 



does not depend on F, provided it is well-defined (that is the denominator is positive and 
finite). Furthermore this ratio coincides with 



E 



f L ~ duG(X, 



ALT,' 



for any G such that the denominator is positive and finite. We can choose the normalization 
of iV*, or equivalently L* , so that both ratios are equal to 1. ■ 



In the spectrally positive case, the first identity of Proposition 12.31 has been proved by Le 
Gall and Le Jan in ^2] by a different method. 

Immediate applications of Proposition 12. Ml are the following identities due to Silverstein 
(see [IB]), also mentioned in Rogers' paper ^Z] : 



C 



= l/K*(a,/3) 
N* dse- as+l3 *\ = 1/K{a,p) . 

We can also derive from Proposition l2.3l the Wiener-Hopf factorisation of the ladder exponents: 

/c(a, i(3)n* (a, — i/3) = a + ip((3). 
Indeed, {B]) gives the following decomposition: 

dte - a t+ipX t = S^ e - agi+if ]X n / dse - as+ iMs) _ 

Taking the expectations and using the compensation formula, we get 



l/(a + V(/3)) = E 



-aL^+iPX i 
du e L ™ 



N ( I ? dse- as+if3 > 



which yields the Wiener-Hopf factorization thanks to Proposition 12.31 

2.2 The Levy process conditioned to stay positive or negative. 

We introduce now the process conditioned to stay positive, resp. negative, denoted by X* , 
resp. XK Bertoin in [3] provides a pathwise construction of X' and X^ from concatenation 
of the excursions of X in (0, +oo), resp. (— oo, 0). Let us recall briefly this construction whose 
details can be found in Section 3. 
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Although Bertoin's construction holds in a general setting, we assume (A). We denote 
by {^Ft)t>o the natural filtration of A completed with the P-null sets of T . Then, A is a 
semimartingale. Its continuous local martingale part is proportional to a standard Brownian 
motion and is independent of the non-continuous part. Let us denote by I its semimartingale 
local time at 0. We consider 

A t = f dsl {x s >o} and A~ = f dsl {Xa < 0} . 
Jo Jo 

Let us denote by a + , resp. a - , the right-continuous inverse of A + , resp. A~: 

af = inf{s > : > t} and a t ~ = inf{s > : A~ > t} , 

(with the usual convention inf = oo). Let x be a real number. We denote its positive part, 
resp. negative part, by x+, resp. x_. We define a new process A^ by 

X l= X at + l^t + E 1{X S <0}(AV)+ + 1 { X S >0}(AV)- if t<A+ 
0<s<«+ 

and by xj = +oo if not. When A has no Brownian part, A^ can be viewed as the concate- 
nation of the excursions of A in (0, +oo). Similarly, we define A^ by 

X l t = X a - -\i a - - Y, 1 {x s <o}(^-)+ + l { x s >o}(^-)- if t<A~ 00 

0<s<a~ 

and by Xl = — oo if not. The laws of A^ and A^ can be recovered by a harmonic transform: 
Denote by qf(x,dy) and q^~(x,dy) the semigroup of the Levy process killed respectively in 
(—oo,0] and (0, +oo). One can show (see Silverstein in [18j ) that the functions U*([0,x]) and 
U([0, x]) are superharmonic respectively for q + and for q~ and that the following kernels 

p+(x,dy) = ^^^q+(x,dy), x>0 

and 

Pi{x,dy) = l L-^-^- q-{ x ,dy), x < 

define two sub-markovian semigroups. Bertoin has shown in (Hj, Theorem 3.4 that A^ and 
Xi are Markov processes started at with respective semigroups p + and p . If A does not 
drift to — oo, resp. +oo, then, p + , resp. p~ , is markovian and X\ resp. A^, has an infinite 
lifetime. More precisely, if A does not drift to — oo, then, we can show that 

A t T < oo , t > and lim xl = oo . (7) 

t^oo 

Proof. If A does not drift to — oo, it is easy to check that lim^oo AJ = oo, P-a.s. and 
[} < oo, t > 0. If A drifts t" *™ w " ™ + 

a = sup{s > : X s < 0} < oo. Thus, 



then, Xj < oo, t > 0. If A drifts to +oo, we have a + = <tq + t; , t > 0, where 



A ' > A CT0+t — -> +oo . 
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If X oscillates, we must consider to cases: Suppose first that ir ^ 0, then, 
lim Xj > 1 {x s <o}(X s -)+ + l {Xs >o}(X s -)- = oo . 



t— «x> 

s>0 



If 7T is null, then by assumption (A) there is a Brownian component and lim^oo £ t = oo that 
yields the desired result. ■ 

In particular cases, we recover "classical" definitions of the process conditioned to stay 
positive: 

- In the Brownian case, U*([0,x}) = U{{— x,0]) = x and p + is the semigroup of the three- 
dimensional Bessel process started at 0. 

- In the spectrally positive case and the stable case, Chaumont has shown in and jH] that if 
the Levy process does not drift to — oo and if is regular for (0, +oo), then, for any bounded 
Ft measurable functional F that is continuous for the Skorokhod topology on £1: 



E 



F(X^) = lim lim B x [F(X) \ I T > 0] 



- In the spectrally negative case, Bertoin (see jS]) gives another construction of X^ that 
generalizes Pitman's theorem for Brownian motion (see Pitman |16j). 

Let us denote by X* the path X_ f reversed at its lifetime g . We denote by (xj; < s < 

A^) (resp. (Xj; < s < Af)) the process X^ (resp. X^) stopped at the random time A t 
(resp. Af). We need the following theorem due to Bertoin that links the process conditioned 
to stay positive with excursion theory: 

Theorem 2.4 (Bertoin, Th eorem 3.1) For every t > 0, the following identity holds 
(I* , £*) W ((Xi) < s<At - , (Xj) < s<A +) • 



Remark. If X drifts to +oo, then, the previous identity holds with t = oo as to say that X^ 
has the same law as the post-infimum process (see Millar in |14j). 

In Section 4, we use another identity that is proved in |lj (see also P3J). Prom now on 
until the end of this section, we assume that X does not drift to — oo. For any t > we set 

J t = inf X} 

s£[t,oo) 

and 

d t = inf{s > t : S t =X s }. 



Lemma 2.5 (Bertoin, Lemme 4) 

( S (d t +g t -t)- ~ X (d t +g t -t)- > S d t ) t>Q ( = } ( X t ~ J t , Jt) t>Q 
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Proof: Although Bertoin in Lemma 4 of ^ only considers the case of X — ► +00 (taking 
as the post-infimum process), the proof can be adapted when X oscillates thanks to Theorem 
12.41 and the arguments are exactly the same. ■ 

The process is a strong Markov process and is a regular value. We denote by 

K its local time at normalized in order it is distributed as L*. Let us denote by (gi,di) , 
i G 6^ the excursion intervals of X^ — J above 0: 

{s>0 : X}>J S }= \J(gi,di), 

We define 

w\s) = AJ gi + (X T - J) {s+9l)Adl , a > , i G Z T . 
Then, Lemma l2~5l implies that 

M\dkdw) = Y,hK n ^) (8) 

is a Poisson point process with intensity dkN*(dw), where N* is the law of Q 1 ' under N*(du). 
We use this result in Section 4. 



3 Reversion formulas. 

Let x and t be two positive real numbers. We first decompose the law of X ax ^ on the event 
{X ax ( t j > x} in terms of the law of X, the Levy measure tt and the function that is defined 
on (0, +00) x (0, +00) by (s,a) = P(/ s > —a). From classical fluctuation identities we have 

/ dsda exp(— s — /ua)(s, a) = — - — — . 

V(0,+oo)x(0,+oo) 

We also write (a) for the limit lim^+oo (s, a) that is positive if and only if X drifts to +00 
(or equivalently p > ). To simplify notations, we write P r for the law of the Levy process 
started at r. We prove the first reversion formula: 

Theorem 3.1 Assume that it charges (0, +00). Then for any positive numbers x and t, and 
for any bounded measurable functional F on fl, 



E 



F(X"Wy, a x (t) < 00; X ax{t) > x 



[ n(dr) [ duE r [F(X. Au )(t -u,X u -x); x < X u < x + r] 

J(0,+oo) JO 



Consequences, (i) If X drifts to +00, then (a) > for any positive real number a. Thanks 
to Theorem 13. II we get 
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E 



F{X 



M«h ( x **(t)-x) 



-; a x (t) < oo; > x 



(t- a x (t),X Ux{t) -x) 

= [ ir(dr) [ du E r [F(X. Au )(X u - x) ; x < X u < x + r ] . (9) 

J(0,+oo) JO 

Observe that P-a.s. a x (t) = a x for all t sufficiently large. Thus, P-a.s. 

( X a x (t) ~X) 



F(X 



<y x (t) v 



(t-a x (t),X ax(t) -x) 



l{* x {t)<oo; X axlt) >x} F{ XCJx )l {Xax>x} . 



Since (X a t t \ — x)/(t — cr x (t), X ax (£\ —x) is smaller than 1, dominated convergence applies and 
we deduce from JjJJ that 



E 



F(X°*) ; X ffw > x 



r r+oo 

/ n{dr) / du E r [F{X. Au )(X u - x) ; x < X u < x + r] . 

J(0,+oo) Jo 



(ii) By the duality property applied in the right side of Theorem 13.11 we see that under 

P (- I X a x {t) > X) ' 



Proof of Theorem 13.11 Let e be a positive real number and let (cr n ) n >o be the increasing 
sequence of the jump times {s > : AX S > e}. Recall that Yls&j ^(s,ax s ) 1S a Poisson 
measure with intensity dli:{dr). Let / be a bounded function on M. Consider the event 
A e = {a x (t) < oo; infgg^^)^] X s > e + x} and set 



a(e) = E F(X^-)f(AX ax{t) ); A t 



Observe that 



n>0 



F(X°"-)f(AX an ); a n < t; X CT „_ < x; X ffn + M X o9 ffn > e + x 

[0,t-<T n \ 



Apply the Markov property at o n in order to get 

o(e) = [F(X^-)f(AX a J(t - a n ,X an - e - x) ; a n < t; X an _ < 

Then, 



n>0 



a(e) = E 



Yl 1 {AX i>ei x s .< 4 F(ri/(AX s )(t - + AX S - e 
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r — e — x): x + e — r < X u < x 



Apply the compensation formula to get: 

o(e)= / vr(dr)/(r) I duE \F(X u ){t - u, X u + 

J(e,+oo) JO 

and by duality 

o(e) = / 7c(dr)f(r) f duE [F(X. Au )(t - u, X u + r - e - s); x + e - r < X u < x 
J(€,+od) Jo 

Next, observe that P-a.s. 



(10) 



lim 1 , 



'-{a x (t)<oo; X ax{t) >x} 



and complete the proof by letting e go to and using dominated convergence in the left side 
of 1)1 0|l and monotone convergence in the right side. ■ 



We get a similar result for the reversed path at t x on the event {X Tx > x}: 

Theorem 3.2 Assume that ir charges (0, +oo). Then, for any positive real number x and for 
any bounded measurable functional F on Q, 



E 



F(X T *); t x <oo; X 

Tx > X 



r r+oo 

I vr(dr) / du E r [F(X. Au ) ; x < X u < x + I u 

J(0,+oo) Jo 



Remark. In the subordinator case we get immediately the well-known formula: 

E[f(X Tx ^X Tx ); X Tx >x] = f V(da) f ir(dr)f(a,a + r) 

J[0,x] J(x-a,+oo) 

where V denote the potential measure associated with X. 



Proof of Theorem 13.21 Let / be a bounded measurable function on M. Observe that 



E 



F(X T *-)f(AX Tx ); t x < oo; X Tx > x 



E 



E 1 {s.-<* ; Ax 3+ x^>*}F(X s -)f(^Xs) 



s>0 



Apply the compensation formula to get 



E 



F(X T *-)f(AX Tx ); r x < oo; X Tx > x 

r r+oo r 

= / 7r(dr)f(r) / du E F(X U ); S u 

J(0,+oo) Jo L 



< x; r + X u > x 
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and the result follows by the duality property. 



Recall that if the Levy measure charges (0, +00), the excursion under the supremum 
may end with a jump. We now give a decomposition of the law of the excursion under the 
supremum reversed at its final jump time. 

Theorem 3.3 Assume (A) and that ir charges (0, +00). Then, for any nonnegative measur- 
able functional F on O, 

N* (F0) ; C > O) = f n(dr)E r \ f °° dv F(X, AL -i)l { v 1>0} 
v 7 J(0,+oo) UO v 



Remark. In the spectrally positive case, if we take L = —I, then, L^ 1 = r_ x . Theorem 13 ..31 
shows that under N*(- Pi {( > 0}), the law of ^_ admits a density with respect to Lebesgue 
measure that is given by 

x — > l ( _ OOi0) (x)P(/ oo < x)tt((-x,+oo)) 

Furthermore, under N*(- \ ^_ = —x), the path"^ - is distributed as X.^ T _ X under P(- | t x < 00). 
This result has been used by Bertoin in [2] and fQ. 

Proof of Theorem EI3 For any nonnegative measurable function / on R, we have the 
following decomposition: 

N* (F(^-)/(A c ); c > 0) = iV* ^l {s _ +As>0} F(o5 s -)/(A s )j . 

Observe that under N* is markovian with the transition kernel of the Levy process killed in 
[0, +00). We can apply the compensation formula to get 



N* (F(^-)/(A c ); f > 0) = N* ( / ds F(Q°) [ 7r(dr)f(r)l {s+r>0} 

V 7 \J0 J(0,+oo) 

that yields the theorem thanks to Proposition IT 



4 Applications. 

4.1 First Williams' decomposition theorem. 

From now on until the end of the present article, we assume (A) and we suppose 
that X does not drift to —00 Let x be a positive real number. Williams has shown in 
[T9] that the standard real Brownian motion reversed at the first hitting time of (x,+oo) is 
distributed as the three-dimensinal Bessel process up to its last passage time at x. In this 
section, we extend Williams' result to general Levy processes, the role of the three-dimensional 
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Bessel process being played by the Levy process conditioned to stay positive. In order to avoid 
cumbersome notation, we set for any positive real numbers x and t 

sup{s G [0, t - gj : X s+gt - I t < x} , 
sup{s > : X} < x} , 
inf{s G [0, t - g t ] : X s+gt - I t > x} , 

inf{s > : X] > x} , 

(with inf = sup0 = +oo). Observe that a^ x may be infinite if X t — mf[ 0)t ] X < x. Under 
P(- fl { a^ x < oo}) we define 

Y* = X t o9 a t 

Similarly we denote 

Y = X^ ofl j 

that is well-defined thanks to and our assumptions. Notice that Y t and Y rely on x 
although it does not appear in the notations. We recall that Y and Y are respectively the 
pre-infimum process and the post-infimum process of Y . The following theorems describe the 
law of the path X^ reversed at time o\ : the first theorem concerns the case of a jump : 
AX \ > 0; the second theorem deals with the process leaving continuously level x. 

Theorem 4.1 Assume that ir charges (0,+oo). Let x > 0. 

(i) fxf' , under P(- | X^ > x) ( '= } ( AX Tx + X. A ^ , ^ ) under P(- | 
X Tx > x). 

(ii) Under P(- | X t > x), Y is independent of (X T , Y) and distributed as X^> . 

Theorem 4.2 Assume that d* > 0. Then, for any x > 0, 

(i) ~P(X\ = x) = ~P{X Tx = x) = d*u*{x) and X Tx under P(- | X Tx = x) is distributed as 

X T T under P(- I x\ = x). 

(ii) Under P(- | x\ = x), X^ o 6 t and X * are mutually independent and X^ o T is 
distributed as X^ . 



al = a x {X^) = 
tI=t x (X^) = 



Remark. We assume that ir charges (— oo,0). Then, the excursion under the infimum may 
end with a negative jump. The dual form of the reversion formula of Theorem Iri.ril gives 



at(Hac-); c<o) 



(-oo,0) 



?r(dr)E 



L „ 



dul { x r ,_ 1< -r}F(X 1 



ill) 



We assume moreover that d* > 0. By Lemma IXT| it follows that under N(- fl < 0}), 
admits a density with respect to Lebesgue measure given by 



N 6 dx ; £ < 0) = u*(x)tt((— oo, — x))m(dx) 
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By combining ffTTf) with Lemma l2~T| Theorem 14.21 implies that for any x > 0, 
X ^ T under P(- \ X \ = x) = . A ^_ under N(- | £_ = x) 
This result is due to Chaumont in the stable case (see 

Proof of Theorem 14.11 First observe that t x (J) = al a.s., then 

o-i. = mf{t > : S 2 >x} = g Tx . 



Set 

-f = al + g(Y) = M{t>4 : xj = J t } . 

Then, 

(law) / 10 x 
7 = t- x . (12) 

We define the functional E by 

Ht(X) = \ S^ t+ - t _ t) _ - X (lt+ - t _ t) _ ,3^) , t > . 
Deduce from (fT2"|) and from the fact that d Tx = t x that 

((XT - J) 7+t , J 7+t - J 7 ) t>Q (/ = } (S t (X o 9 Tx )) t > Q . (13) 

Since 

y t = (x T - j) 7+t + (j 7+t - j 7 ) 

we deduce from the Markov property applied at t x in the right member of lfT3|) that Y is 

independent of X^ A7 and that Y has the same distribution as X\ which proves Theorem 14.11 
(ii) and also Theorem 14.21 (ii) because 

X T o B T = Y on \X\ = x} . 
<4 -> l ct t J 

Next, we denote by K~ x the right-continuous inverse of K: 

R- 1 = mi{t > : K t > u} u>0. 

We need the following lemma: 

Lemma 4.3 For any x>0 

■AX* 1 

Proof: We first index the excursions of X^ — J above by the corresponding local time: for 
any t > 0, we set 

e\ = f(Xt - J) (RrK 



'(*t-+-)A*7V.>0 
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(note that e t = if AK^ = 0). We do the same thing for the excursions of X under its 
supremum and we set 



e t - [(X-S) {L *-i +s)ALr .j s>o . 



_ i . V V t 

! 

with the same distribution as (L*^ 1 , U*). There exists a measurable functional F such that 



We also write Jj} = 1 . We deduce from Lemma 1231 that (K 1 ,U^) is a subordinator 



F{(eluJ)o<t< x )=x\ K _ 1 ,a.s.. 



Let us explain more precisely how to recover from the ej and U t , t > 0: For any s S 
[0, K' 1 ], we define 

g(s) = sup{u e [0, s) : X\ = J u } . 
The Levy-Ito decomposition for the subordinator K~ l implies that 



K s = sup I a e [0, x] : <f a + ^ ((ej) < s > 
I t<a J 



and 

g(s) = d*K s + Y, C(eJ) • 

t<K B 

Then, 

Xl = J Ks {s-g{s)) + ui a . 
In order to simplify notations, we set for any t > 0: 



Lemma 12.51 implies 



eU/)^ ( = } (euUn 0<t<x . (14) 

Since (et ; t > 0) is a Poisson process and U* a subordinator, a simple time-reversal argument 
show that 

( fTi x \ ( ' aw,) ( TT*\ 

[e x -t,U* t J = (e t ,U t ) 0<t<x . 

v / 0<t<£ — — 



Thus 



0<t<z V / 0<i<x 



Applying the Levy-Ito decomposition for the subordinator L* reversed at time x, it is easy 
to check that 

F (p x - t , U*t)o<t<x) = X L '^ , a.s. 
and we conclude thanks to lfTK|) . ■ 

Let us prove now Theorem l4.1l fi): Let F and G be two nonnegative measurable functionals 
and / be a nonnegative measurable function. Set 



a = E 



F (X^_) f(AXl,)G(Y) ; Xl > x 
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It is sufficient to show that 



a = E 



F[X^)f(AX T JG[X^- ) ;X Tx >x 



(16) 



First observe that 



a = E 



£ Vt < x< xl +wm} F(xi 9i )f( W \0))G(w* -w\0)) 



Then by El we eet 

>(-X' T Ajf -i)jV* (/(«j(0))G(w - u>(0)); C/T < x < C/J + w(0) 
The previous lemma implies that 



POO 

a = I duE 



n - / duE 
/o 



F(X L «"V* (/(Aa) { )G(tD«-); C/* < x < E£ + co 



<0) 



(17) 



But we have a.s. 

Then, the compensation formula combined with lfTT|) achieve the proof of 



£ l{x 9i <,<x gi+ ^( Ci )}^(^)/(A4)G(, 



Ci- 



te* 1 



Proof of Theorem 14.21 We only need to show (i). From Theorem 14. 1| we deduce that 



So, we have for any x > 0: 



P X ' >x )=P(X Tx >x) 



d*u*(x) = P(X T T =x) 



We need the following lemma: 

Lemma 4.4 Under the assumptions of Theorem \4-°A we have for any nonnegative measurable 
functional F 



E 



dxu*(x)E F(X T | ) I X\ =x 



Proof: We argue exactly as in Lemma l2~Tl replacing. X by X\ L* by K and t x by a\. 
Lemmas 12, II and 14.41 imply that for any nonnegative measurable functional F, the set 



F = \x > : E 



F(X T T );X T T = x 



E 



F(X^);X Tx =x] } 
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is of full Lebesgue measure. We have to show that actually p = (0, +00): Let xq > 0, let G 
be such that for any x > 0: 



G X 



4 

■AcrJ 



[x)F X 



•Acri 



Observe that on {X T = xq} 7 we have for any x > x$ 

CTsc 

Then, Theorem 14.11 (ii) (already proved) implies that 



E 



■Act 



G [X ] );X\=x =d*u*(x-x )E 



x 



Since q is a set of full Lebesgue measure we can assume that x > xq is in q and consequently 



E 



G X 



-T 



:X\=x 



E 



G ( X Tx I ; X Tx = x 



But 



1{X TX=X }G (a t *J = F (z T ^ z ^ l {Zrxo(z)=Xo and x Tx _ xo = x -x } ■ 
where Z = X o Tx _ xq . Applying the Markov property at time t x - Xo , we get that 



E 



G(X T T ) ;X T T =x 



cf - x )E 



F X^o ; X T = Xq 



which implies the desired result. 



4.2 Bismut's decomposition. 

As a consequence of Theorem 14.21 and Lemma l2~T| we extend to real Levy processes Bismut's 
decomposition of the excursion above the infimum. 

Theorem 4.5 Assume that d* is positive. Then for any nonnegative measurable junctionals 
G and D onQ, and any nonnegative measurable function f , 

n(J dsG(. As ) f( s )D( o6 s ) 



dx f(x)u*(x)'E 



G X 



■A<tJ 



IX 1 



x 



B[D{X. AT _ x )] . 



Remark. The spectrally positive case is due to Chaumont (see jH] 



Proof. Apply Markov property under N in order to get: 

n(J dsG(. As )f( s )D(o9 s )j = n(J dsGUs)f(s)d( s ) 
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where, for any positive number x, d{x) stands for E [D [X. Ar 1] . Then, by Proposition 12. 3| 

we have 



N[ J dsG(. As )f( s )D(o0 s ) 



E 



duG(X L - ')f(X Ll -i)d{X Lt -,] 



and we use Lemma l2~Tl and Theorem 14.21 to complete the proof. ■ 

We have seen in Section 3 that the excursion under the supremum may end with a jump 
if 7r charges (0, +00). Theorem 13.31 provides a reversion formula for the excursion under the 
supremum at its final jump time. If we assume that d* is positive, then, the excursion may 
end continuously, as to say f = 0. More precisely it is clear that N*(^ = 0) = if d* = 0; let 
us show that N*( c = 0) = +00 if d* > 0: 

N* (l - e~ c ; f = OJ = J dse- s N* (( > s ; f = ) 

r+00 

= / dse~ s N* ([P(X Ta = a)] a= ^ s ; ( > s ) 
J 



+00 



dse~ s N* (d*u*(- s ) ; (>s) . 



By a change of variable, we have 

r+OG 



dse~ s N* (d*u*(- s ) ; ( > s ) = / dse~ s iV* (d*u*(- s/ ) ; (> s/) 
i) Jo 



Then for any > 0, we have 



d* 



N* ( 1 - e~ c ; c = I > — inf u*(x) N* sup (- s ) < 1; C > V 
V ) e xe(o,i] V^I . 1 /] 



But 



lim N* ( 1 - e" c ; c = 0) = iV* ( c = 0) 

-»+oo \ ' / 



> — inf u*(x) lim iV* ( sup (- s ) < 1; C > V I = +00 

e xe(o,i] ^+00 Ue[o,i/] / 



The following theorem complements Theorem 13. 31 bv providing a reversion identity for the 
excursion under the supremum ending continuously. 

Theorem 4.6 Assume that dd* > 0. Then, for any nonnegative measurable functional F on 



dN*(Ff); C = 0) = d*N(FQ; f = 0) . 
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Remark. The theorem remains true if d*d = 0: in that case, it just means that either 
AT*( C = o) = or N( c = 0) = 0. 



Proof. We prove the following identity: 

dsF0 As ) ; c 



d N* U dsF? As ) ; c = J = d*NU dsF(. As ) \ < = 
which easily leads to the statement of the theorem. First, observe that 



C 



(19) 



•As 



After the change of variable s — > ( — s, the Markov property under N* combined with the 
latter observation give 



dN* 



C 



dsFt 



As) j C 







dN* \ I C dsB 



F[X T -s) ; X T 



By Proposition 12.31 and the dual version of Lemma l2~T| it follows that 



dN*{ j^dsF^ As ) 



dx u(— x)~E 



F ( X Tx ) ■ X, 



x 



dd* 



dx u*(x)u(—x)E 



Use Proposition 12.31 and Lemma l2~Tl to get 

dd* J dx u*(x)u(-x)E F (x T *^ \ X Tx = x 
that is the desired result. 



F[X 



C 



X Tx = x 



d V I I dsF(. As ) ; c = 



4.3 The second Williams' decomposition theorem. 

Williams has shown in that the Brownian excursion splits at its maximum in two three- 
dimensional Bessel processes stopped at a certain hitting time. In this section, we extend this 
result to general Levy processes. To simplify, we set 

Z t = X t o9 t t under P(- n {tJ < oo}) and Z = X^oQ^. 
We first prove the following proposition. 

Proposition 4.7 (i) For any bounded measurable functional F on Vt, 



E 



F(X 



-1 

■ArJ 



N{F{. ATxQ )U{(- M) ,0));t x Q<oo) . 



Thus, P(X\ = x) > if and only if d* > 0. 

(ii) If d* > 0, then, under P(- | X T = x), Z and Z are mutually independent; the process 

Z has the same law as X 1 * and the law of Z is characterized by the following identity that 
holds for any nonnegative measurable functional F on 



E 



F(Z) 



W((-x,0]) 



E 



dvF(X. 



uo 



s -"ii 
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Remark. Recall from Section 2.1, that under P(- I x\ = x), the process x + Z is markovian 
with a transition kernel given by 

Pt+(y ' dz) = ua-To]) ^^ dzh V ~ ° ' 

where qf stands for the semigroup of the Levy process killed in (— oo, 0]. Then, the latter 
proposition combined with Lemma 12.11 gives the following corollary. 

Corollary 4.8 Assume that dd* > 0. Let X^ (x) denote the Levy process started at x > and 
conditioned to stay positive. The path X^(x) has the following decomposition at its infimum: 

(i) The pre-infimum process X]_(x) and the post-infimum process X^(x) are mutually inde- 
pendent and X\x) is distributed as the Levy process conditioned to stay positive started at 
0. 

(ii) The law of the infimum of X^(x) admits a density with respect to Lebesgue measure that 
is given by: 

u(y-x) 

y -^^^Ud-xM) 
and under P(- | inf X 1 * (x) = y), X]_(x) is distributed as x+X. ATy _ x under P(- | X Ty _ x = y—x). 



Remarks, (i) We can actually show that the corollary remains true even if d* = 0. 

(ii) When X does not drift to — oo the result is Theorem 5 of Chaumont jH] (see also [2j and 

see also jH]). 



Proof of Proposition I4.7I Let T be independent of X and exponentially distributed with 
parameter a. Recall from Lemma I2.2I that for any nonnegative measurable functional H 
defined on 



E 



H X 



a 



X f / C dse- as H (. 



Let G and D be nonnegative measurable functionals on f2. Take 



As, 



H() = l {M) <oo } G((- A t x Q))D( o 9 TxQ ) , efl. 



Then, 



E 



G(X t At t )D(x-oe Tj ; rl<oo 



o 



ds e~ as D 



? T»0). 



As 



Apply the Markov property under N in order to get 



E 



G I X 



A r (l{r,()<oo} e ^ () G(. Ar4) )d Q (^ () )) , (20) 
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where for any a > 0, 



d a {a) 



k(oc, 0) 



E [D(X. AT ) ; I T > -a] . 



Take D = 1 in gDJ- We get 



E 



N(l {Tx0<oo} e- a ^G{. ATx0 ) 



P(It > -t x q) 
k(cx, 0) 



Next we need the following lemma: 



Lemma 4.9 Let a > and T a be independent of X and exponentially distributed with pa- 
rameter a. Let F, G and K be three bounded measurable junctionals on fl. Under the same 
assumptions as Theorem \4-l[ we have 



lira E 



F I X± Aa T a ) G(Y Ta )K(Y Ta ); aj a < oo 



E 



F (x]J) G{Y )K{Y ) 



Proof. It is sufficient to show the limit 

~F(x S A*i)G(Y s )K(Y s y, a* <oo 



lim E 

S— > + 00 



E 



F[X\ a AG(Y)K{Y) 



We use the notation of Section 2.2. Recall that Af = dul{x u >o}- From Theorem 12.41 we 
have 

" (21) 



( ys\ (^) fY n 

\^u)0<u<s-g - (^u)o<u<A+ ■ 



Set j3 = (Tx + g(Y). By Q, /3 < oo. In order to avoid cumbersome notations, we denote by W 
and W' respectively the pre-infimum process and the post-infimum process of X^ vQ^rxl A + )- 
Let M > be an upper bound for F, G and K. Observe that on {Af > /?}, we have 
a x (X\A+) = ai and 



Then by J2U and we have 



(22) 



E 



Consequently. 
E 



E 



FIX 



A^(XT,A+) 

+ E 



G (W) X ( W') ; < /? 



f (x s ACT jj G(y s )K(y s )J — e (^ t Act t j c(y )K(y)J < 2M 3 p(/3 > a+) . 



But lim s _ +0 o^J 



oo. So lims^oo P(/3 > = which yields the lemma. 
Let us achieve the proof of the proposition: Lemma l4*Hl implies 



lim E 



G[X\ 



At, 



E 



G(X\ 
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Next, we deduce from Lemma l2~2"l that for any a > 



i im p ^ > --) = E 



dvl 



{X -i>-o} 



W((-o,0]) , 



which yields (i) by dominated convergence. 

Assume now that the drift coefficient d* is positive. Let D\ and -D 2 be two nonnegative 
measurable functionals on Q. Take, 

D Q = D l(^) D -2(^) and GQ = l{r x Q<oo; (r x ())=x} , 

in (|2()|) . Prom Lemma 12.21 we note that 

1 



d a (a) 



/c(a, 0) 
E ' 



E 



D 1 {X T ) ■ I T > -a E £> 2 (X T ) 



dve- aL ^D 1 (X. AL - 1 )l {Xr _ 1> _ a} 







E 



Thus, (HH gives 



E 



■A T ; 



F(X t a _ t )Z)(X t o# tT ); t^<oo; X^ T =x 



E 



E 



• (23) 



To get (ii), pass to the limit a — > in (|2"3|l using Lemma ED to write: 



lim E 

a-+0 



and 



lim E 



E 



E 



F(X\ i)D 1 (Z)D 2 (Z) ; X\ =x 



We are now able to state the second Williams' decomposition theorem. 

Theorem 4.10 Assume that ir charges (0, +00). Suppose also that d* > and that X oscil- 
lates. 

(i) The law 0/3Q under N admits a density with respect to Lebesgue measure that is given by 
x — > ^N* (r-sO < 00) iV (t x () < 00; re0 = x) . 

fuj Under N{- \ gQ = x), the processes . a ^q anc? °%q are mutually independent. Furthermore, 
- i/ie process . a ^q is distributed as X T under P(- | X T = x); 
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the law of o 9gQ is absolutely continuous with respect to the law of X ^ l and the 



corresponding density is <p(X \ ), where 



<p(y) 



U*([0,-y))N*(T- x Q < oo) , ye (-00, 0) . 



Remark. The spectrally positive case is due to Chaumont in [H] or [Zj. 

Proof. Let G and D be two nonnegative measurable functionals on f2. From Proposition 14.71 
(z) and the corresponding dual equality, we get for any x > 0, 



E 



and 



E 



G X 



4 

•AtJ 



D x 'Li 



At* 



N{G{. ATx0 )U((- M) ,0]); t x ()<oo) 



N* {D (. AT _ a0 ) W ([0, - T _ sQ )) ; T_ a () < 00) 



The various assertions of the theorem then follow from the identity 
N(G(. m )D(oe- g0 )) 



(V , dx N (G {. ATx0 ) ; TxQ = x) N* (D (. At _ xQ ) ; T- X Q < 00) , (24) 

which we now prove. 

Let a and b be two positive real numbers. Observe that 

{a < gQ < a + b} = {r () < 00} n {sup o 6 Ta Q < b + a - To q } . 

On this event, °0gQ is the post-supremum process of °G Ta ()- Hence, by the Markov property 
under N at r a (), we have 

N{G{. ATaQ )D{o9 m ) ; a< w< a + b) 

= N (G (. ATa0 ) d{ Ta0 ); TaO < °°) , 

where for any positive number x, 

d{x) = E D (x T ~A ; S T _ x <b + a-x 
Let us write d{x) in a more suitable form. First, observe that 



d(x) = E 



^2 HXg.Kb+a-x ; I Bj >-x} D ( \ T _ X _ X (j) ) 1 {t- x -x g A j )<°o} 



Then, apply the compensation formula to get 



d(x) = E 



dul{ X ^Kb+a-x ; I T »-i>-x} N * [ D ( •Ar_ x _ Jf ^ () ) ^-.-jr ^(Xoo} 
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Set for any real numbers x and y, 

v{x,y) = l[o i+00 )(x)l[ 0i+00 )(y)u*(y)P (l Ty > -x \ X Ty = y ) 
Then, for any a < x < a + b, Lemma l2~Tl implies 



ra+b—x _ 

d(x) = J dyu*(y)E \l {Uy> _ x} N* (D(. At _ b _ v() ); t^Q < oo) | A t 



v(x,y- x)N* (D(. AT y Q); r_j,() < oo) 



Thus, 



# ( G Cat.0) ( ° %()) ; a < so < a + 6 ) = / + dy 

J a 

x N (l {Ta{)<oo} v( Ta0 ,y - Ta{) )G {. ATa{) ) ) N* (D (. AT _ yQ ; t^Q < oo)) (25) 
Next, set for any positive integer n, 

m n = !^0l and ^ = & , y>0. 

We apply l(23|) with a = i2~ n and 6 = 2 _n for every integer i > 0, and we sum over i. It 
follows that 

/•+oo 

N(G(. ATmnQ )D(oe m )) = / d y 

J o 

x N {l {Tyn0<oo} v( Tyn{) ,y - TynQ )G (. ATyn0 )) iV* (£> (. At _ w() ; r_ v () < oo)) . (26) 
Let e, A > 0. It is sufficient to prove l(2"3|) for 

G() = l {C0 >e i SU p<A}^() and £>() = l {C ()>e}^0 

where F() and KQ depend continuously on the values of at some finitely many positive 
times. Assumption (A) implies that X attains continuously its supremum on any finite time 
interval (see Millar dS|). So does the excursion above the infimum. Thus, T mn () increases to 
g() when n goes to infinity iV-almost everywhere. Then, 

n 1 ™ o 1 {r mn ()>e;m„<A} = %()>€; sup <A} , N - &.e. . 

Since N(g~() > e; sup < A) < N((() > e) < oo, dominated convergence applies in the left 
side of flSE} and we get: 

n lim iV(G(. ATmn() )L>(o^ () )) 

= N(F (. AVQ ) K ( o 9- g{) ) ■ sup < A- (C - g{)) A g{) > e) . (27) 
We now turn to the limit of the right hand side of (|26|) : Recall (J2J from Section 2.1 
P (3i G (0, +oo) : S t _ = Xi_ < X t ) = . 
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It implies that for any positive number y , N ( r q_ = y < r q ) = . We also recall that 
(0) = 0, N-a.e. . Thus, 

N — a.e. lim 1/ ,,<„) = 1; n =«> ■ (28) 

Next, for any x > 0, lim e _>o e) = ii*(0+) = because 

< d*u*(e) - d*v(x, e) = rfV(e)P (J Te < -x | X Te = e) < P (J T< < -a?) ► . 

Thanks to J2EJ we get N-a.e. 

^^O^Lo-f-^o) = u *(°+) 1 {^ =s/} = ^Mryi^y} ■ 

Observe that N-a.e. on { T a = y}, T yn () increases towards T y (). Therefore, by dominated 
convergence 

Jim iV (l^o^f^o,!/ - Tyn ())G Ur yn o)) 

= j*i(o,A](y) N i F Ur y o) ; e < T v() < °°; t,o = v ) ■ 

However, for any y > 0, we have 

^(^(XoopLoj-^ojGU^o))^ (^(-Ar^o; *-_„() < °°)) 

<M 2 l (0iA] (y) sup iV(C > e)7V*(C > e) , 

ice(o,2- n ] 

where M is a bounding constant of F and K. Then, dominated convergence applies in the 
right side of which yields the desired identity (|2*^|l thanks to lj2*Hjl . ■ 
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